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Note on Poisson cohomology on Weil bundles 
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Abstract 

Let M be a Poisson manifold and A a Weil algebra. We describe an isomorphism of cohomolgy 
algebra and proves that Poisson cohomology with values in A is isomorphic to the tensor product of A 
with Poisson cohomolgy with real values. 
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1 Introduction 

Let M be a smooth manifold of dimension n. We denote by C°°{M) the algebra of smooth functions on M 
and by X(M) the C“(M)-module of vector fields on M. 

A Poisson manifold is a smooth manifold M for which there exists a bracket {,) on C°°{M) such that the 
pair {,)) is a real Lie algebra and for any / e C°°{M), the map 

ad{f) : C“(M) ^ C“(M),g ^ {f,g] 

is a derivation of commutative algebra i.e 

[f,g-h]^{f,g}-h + g-{f,h] 

for/,g,/t 6 C“(M) 11,11. 

We denote by 

C“(M) ^ DervXC°°{M)],f ^ ad{f), 

the adjoint representation and d the operator of cohomology associated to this representation. For any 
p e N, 

= C^[C“(M),C“(M)] 

denotes the C“(M)-module of skew-symmetric multilinear forms of degree p from C°°(M) into C°°{M). 
We have 

A Weil algebra is a finite-dimensional associative commutative R-algebra with unit U which admits a 
unique maximal ideal of codimension 1 IfT^ . 
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Let A be a Weil algebra and m be its maximal ideal. We have A = R © m. The first projection 


A = R© m —> R 

is a homomorphism of algebra which is surjective, called augmentation and the unique none-zero integer 
k eN such that ^ (0) and = (0) is the height of A, where denote the A:th power of m. 

If M is a smooth manifold, and A a Weil algebra of maximal ideal m, an infinitely near point of e M of 
kind A is a homomorphism of algebras 

f : C“(M) ^ A 

such that [^(/) - fix)] e m for any / e C°°(M) i.e the real part of ^(/) is exactly f(x). 

We denote by the set of near point of x of kind A. The set = U of near points of M of kind 

xeM 

A is a smooth manifold of dimension n x dim A, called manifold of infinitely near points of M of kind A 

111 ,( 61 . 

When both M and N are smooth manifolds and when h : M —> is a differentiable map, then the map 

-.M^ ^ 1-^ h^if), 

such that, for any g e C°°iN), (g) - fig o h) is also differentiable. 

When /; is a diffeomorphism, it is the same for h^. 

Moreover, if ^ : A —> B is a homomorphism of Weil algebras, for any smooth manifold M, the map 

is differentiable. In particular, the augmentation A —> R defines for any smooth manifold M, the projection 

M, 

which assigns every infinitely near point of x 6 M to its origin x. Thus iM^,nM, M) defines the bundle of 
infinitely near points or simply well bundle [?1.||Tl. lfT2l .i^. 

If iU, ip) is a local chart of M with coordinate functions (xi, X 2 ,..., x„), the map 

^A\f^ifix,),fix2),...,fix„)), 

is a bijection from into an open of A". The manifold is a smooth manifold modeled over A", that is 
to say an A-manifold of dimension n IfTl. lfTOl . 

The set, C°°iM'^,A) of differentiable functions on with values in A is a commutative, unitary algebra 
over A. When one identitifies R'^ = R ® A with A, for / e C°°iM), the map 

f : ^ A,f ^ fif) 

is differentiable. Moreover the map 

C“(M) ^ C‘"iM^,A),f ^ f, 

is an injective homomorphism of algebras and we have for T e R, /, g e C“(M), 

1- if + g)^ ^ 

2 . iA-f)'^^A-ff 

3. if-g)^^f-g^. 


1.1 Vector fields on Weil bundles 


When M is a smooth manifold and A a Weil algebra, we denote by the algebra of smooth functions 

(with values in R) and the set of all vector fields onM"^. According to 121,1?], the following assertions 

are equivalent; 

1. A vector field on is a derivation of 

2. A vector field on is a derivation of which are A-linear; 

3. A vector field on is a derivation X : C°°(M) —> C°°{M^,A) which verihes 

x(fg) - X(f) Y+f- X(g) for any f,ge C^{M) 

Thus, the set of all vector fields on is a A)-module. 


In the following, we denote by A)] the set of A-linear maps 

X : C“(M"‘,A) ^ C“(M'^,A) 

such that 

X((p ■ i//) = X{(p) ■ if/ + (p ■ X(i//), for any 1 , 0 , if/ e C°°(M'^,A). 


Thus, 

Remark 1. We have: 


X{M'^) = DerA[C“(M^,A)]. 


X{C°°{M^) c Le X{F) e C°°iM^)for any F e C°°{M^). 


The map 


X{M'^) X X{M'^) X(M^), (X,Y) i-^ [X,Y] ^ X o Y - Y o X 

is skew-symmetric A-bilinear and defines a structure of an A-Lie algebra over X{M^). 

When B : C°°(M) —> C°°(M) is a vector held on M, the map 


0^ : C“(M) ^ C°°(M^,A),f 1-^ [0(f)f , 
is a vector held on called prolongation to of the vector held 6. 


When A is a Weil algebra and if M is a Poisson manifold, the algebra A) of functions on with 

values in A, is a Poisson algebra over A that is to say the Poisson bracket on C“(M'^,A) is A-bilinear. In 
this case is a A-Poisson manifold|jTl. We will show in what follows that admits a (real) Poisson 
structure i.e the algebra C°°{M^) is a Poisson algebra. 

In iH, it has been described two representations and therefore two cohomologies associated with these rep¬ 
resentations. We go to the following, show that these are the same cohomology. We denote by Hpois{M^,A) 
this algebra cohomology. In addition, we show that if HpoissiM^) denotes Poisson cohomology on with 
real values, that is to say, defined by the Poisson algebra C°°{M^), then we have an isomorphism between 
Hpois{M^,A) and A ® HpoisiM^). 


2 Poisson structure on Weil bundles 


In the following, M is a Poisson manifold. It is know that in this case, the A-algebra C°°{M^,A) is a Poisson 
algebra over A i.e there exists a bracket {,) on C°°{M^,A) such that the pair (C°°(M^,A), {,)) is a Lie algebra 
over A satisfying 

W \ •'^2 + '^1 • {'^ 2 >'^ 3 } 

for any i^[, '/’3 ^ C°°{M^,A) H]. 

Since M is a Poisson manifold with bracket {,}, the map 

adif) : C“(M) ^ C“(M),g ^ {f,g] 
is a vector held on M. For any / e C“(M), let 

M(/)]^ : C“(M) ^ C^{M\A),g ^ {f,g]\ 
be the prolongation of the vector held ad{f) and let 

{ad{f)Y ■ C°°{M^,A) C^{M^,A) 

be the unique A-linear vector held such that 

[ad(f)ng^) = [ad{f)]\g) = {f,gt 


for any g e C^{M). 

According [[1], for ip e C°°{M^,A), the application 

: C“(M) ^ C-{M^,A)J^ -[ad(f)ng>) 

is a vector held on M'^ considered as derivation from C°°{M) into A). It allows to construct the 

unique A-linear vector held on M^, 


: C°°(M^,A) C‘"{M^,A) 

such that 

= V/) for any / e C“(M). 
We have for i^, i/' e C°°{M^,A) and for a e A, 




'^a-ip — ^ ^ "I" ^ 


For any tp,il/ e C‘"(M^,A), asking 


[if, l/'U = 


the map 

{,}a : C“(M^,A)xC“(M^,A) ^ C^(M^,A),(ip,if,) ^ {ip,ijf]A 
dehnes a structure of A-Poisson algebra on C“(M'r, A)||T1. Hence the following theorem: 


Theorem 1. ^ If M is a Poisson manifold with bracket {,), then {, )a is the prolongation on of the 
structure of Poisson on M defined by {,}. 


2.1 Cohomology associated with a Poisson structure on Weil bundles 

When M is a Poisson manifold with bracket {,}, the map 

T : C“(M) ^ DerA ^ 

is a representation of into A). We denote by d the operator of cohomology associated to 

this representation. 

For any p 6 N, 

~) = C'’[C“(M), A)] 

denotes the C°° {M^, A)-moA\x\e of skew-symmetric multilinear forms of degree p from C°°{M) into A). 

We have 

We denote 

n 

p=0 

Thus, for Q. 6 and /i, ...,fp+i e C°°{M), we have 

__ p+i __ 

dn(fu...,fp^i) = J](-mad(fdnn(fu...,fi,...,fp^i)] 

i=l 

+ Yj Jj,...jp.l) 

l<i<j<p+l 

where fi means that the term /i is omitted. 

When j] G Ap^^.^(M), then 

if : C“(M) X ... X C“(M) ^ C^(M^,A), (fu ^ 

is skew-symmetric multilinear forms of degree p from C°°{M) into C°°{M^,A) i.e 

We denote by HpoisiM^, ~) the associated algebra cohomology. 

Similary, the map 

C“(M^,A) ^ DerA[C°°{M^,A)],ip^ 

is a representation of C^{M^,A) into C°°{M^,A). We denote by dA the cohomology operator associated to 
this representation. 

For any p e N, 

~a) = A), C°°(M^,A)] 

denotes the A)-module of skew-symmetric multilinear forms of degree p from C°°(M'^,A) into 

C°°(M'^,A). We have 

n 

Apois{M\ ~a) - 0 KcdM\ -a). 

p=0 


We denote 



For Q e -a) and (pi,(p2,ifip+i e C°°{M^,A), we have 

dA^iiPi, ..., ^PpAi) = ..., ..., tpp^i)] 

1=1 

l</< 7<p+l 

i.e 

__ />+i 

l</< 7</?+l 

We denote by HpoisiM^, ~a) the algebra cohomology associated with the representation 

t: C^{M^,A) DerA[C°°{M^,A)],ip^ i>. 

We have the following result: 

Theorem 2. The Poisson algebra cohomology Hpois{M^, ~) and Hpois(M^, ~a) ore identical. 

Proof. When M is a Poisson manifold with bracket {,}, the map 

T ; c“(M) ^ DerA A)],/ ^ -[aW)Y 

is a representation of C“(M) into C°°{M^,A). It helps to construct the representation 

7: C‘"(M^,A) DerA[C°°(M^,A)],ip^T^ 

such that t(/^) = t(/) for every / 6 C°°(M). 

If 

p : C°°{M^,A) DerA[C°^{M^,A)], 

is another representation such that H{f^) - T{f) for every / e C°°{M), then = pif^)- Therefore 

7 = plll. 

Recipocally, the representation 

T: C°°{M^,A) DerA[C°°(M‘^,A)],tp^ i>, 

allows to construct the map 

C“(M) ^ C^iM^,A) ^ DerA [c^ (M^, A)C^ (M^, A)], f ^ f ^f(f) = -[ad(fjr 

which is the representation r. Representations r and t are isomorphic and therefore, cohomology algebras 
Hpois(M^, ~a) and HpoisiM"^, ~) are identical. □ 

In the following, this cohomology is simply denoted by HpoisiM^,A) and called cohomology associated 
with a A-Poisson algebra C°°(M^,A). 


In what follows, we will show that is a Poisson manifold and etablish the following theorem: 


Theorem 3. If (M, {,}) is a Poisson manifold, then is a Poisson manifold. Moreover Poisson structure 
{, }n defined on is the restriction to X of prolongation to of Poisson structure 

{, i.e {, )r = {, !a|C“(M'')xC“(M'‘)- Moreover, if Hpois{M^) denote this associated Poisson cohomology, then 
Hpois{M^ and A <8i Hpois(M^) are isomorphic. 

Proof. Since : C°°{M^,A) —> C^{M^,A) is a vector field which is A-linear, then |^C“(M^)j c 
C“(M^) i.e e for all G e C°°(M^). Consequently, (G) = {F,G}a e C°^(M^) for 

F,Ge C°°{M^). 

The map 

{, U|C»(M^)XC-»(M-) : X C“(M^) ^ C“(M^),(F,G) ^ {F,GU 

is well defined. 

Other properties that arise from C°°(M^) c C°°(M'^,A). The bracket {, }a|C”(M'‘)xC“(M'‘) ^ Poisson bracket 

on C°°{M^). 

Let 

0-: C°"{M^,A)^ A® C°°{M^), 
be the canonical isomorphism. All Poisson form of degree p, 

T]: C°°(M^,A) X ...C°°(M^,A) C"°(M^,A) 

is equivalente to the given of the p-form 

A ® C“(M^) X ...A (g) C“(M^) ^ A (g) C”(M^) 

i.e of the form 

w : A g) [C°°{M^) X ... X C“(M'^)] ^ A ® C°°{M^) 

By passing to the quotient, we have the isomorphism 

Hpois(M^,A) —> A ®Hpois{M^),rj i—> w - cr opo (cr^' x ... x cr^'). 


That ends Proof. 


□ 


References 

[1] B.G.R. Bossoto, E. Okassa, A-Poisson structures on Weil bundles, Int. J. Contemp. Math. Sciences, 
vol .7, n°16 (2012)., 785-803. 

[2] B.G.R. Bossoto, E. Okassa, Champs de vecteurs et formes dijferentielles sur une variete des points 
proches. Arch. math. (BRNO), Tomus 44 (2008), 159-171. 

[3] I. Kolar, P. W. Michor, J. Slovak, Natural Operations in Differential Geometry, Springer-Verlag, 
Berlin, 1993. 

[4] A. Lichnerowicz, Les varietes de Poisson et leurs algebres de Lie associees, J. Diff. Geom., 12 (1977). 
, 253-300. 

[5] I. Vaisman, Lectures on the Geometry of Poisson Manifolds, in Progress in Math., 118, (1994) Basel 
Birkhauser. 

[6] A. Morimoto, Prolongation of connections to bundles of infinitely near points, J. Diff. Geom, 11 
(1976). ,479-498. 



[7] V. B. Nkou, B.G.R. Bossoto, E. Okassa, New characterization of vector field on Weil bundles. Theo¬ 
retical Mathematics & Applications, vol.5, no.2. (2015), 1-17. 

[8] V. B. Nkou, B.G.R. Bossoto, Cohomology associated to a Poisson structure on Weil bundles, Int. 
Math. Forum, vol. 9, no. 7 (2014), 305- 316. 

[9] E. Okassa, Prolongement des champs de vecteurs a des varietes des points prohes, Ann. Fac. Sci. 
Toulouse Math. VIII (3) (1986-1987)., 346-366. 

[10] V. V. Shurygin, Smooth manifolds over local algebras, J. Math. Sciences, Vol. 108, 3 (2002), 249-294. 

[11] V. V. Shurygin, Some aspects of the theory of manifolds over algebras and Weil bundles, J. Math. 
Sciences, vol. 169, 3 (2010), 315-341. 

[12] A. Weil, Theorie des points proches sur les varietes dijferentiables, Colloque Geom. Dill. Strasbourg, 
1953, 111-117. 



